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, Seymour Thomas [8] .
. NP , , $n$
$O(n^{4})$ . , Gu Tamaki[5] $\}$ , Seymour
$O(n^{4})$ $O(n^{3})$ . , Thilikos [9]
, , .
, Chandran Kavitha [2] , , $d$
$2^{d-1}$ .
, , Bezrukov Els\"asser [1] ,
,
. , Chandran Kavitha[2] ,
Furuse [3] , .
2
, , . ,
. , .
2.1
$G$ $U,$ $W\subseteq V(G)$ , $E(U, W)=\{\{u,w\}\in E(G)|u\in U,w\in$
$W\}$ . $G$ $S\subseteq V(G)$ , $S$ $V(G)-S$
, $S$ , $\theta c(S)$ . , $\theta_{G}(S)=\{\{u,v\}\in E(G)|u\in S,v\in$
$V(G)-S\}$ . , , .
$1\leq s\leq|V(G)|$ . $\theta$ , $s$ :
$\theta(s)=\min_{S\subseteq V(G),|S|=\theta}|\theta(S)|$ .
, .
2.1. $\theta(S)=\theta(V(G)-S),$ $\theta(s)=\theta(|V(G)|-s)$ .
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$G$ , $|\theta(S_{\epsilon})|=\theta(s)$ $|S_{e}|=s$ $S_{\delta}$ .
$1\leq s\leq|V(G)|$ , $S_{s}$ .
, NP [4]. $G$ ,
, $G$ , :
$S_{1}\subset S_{2}\subset\cdots\subset S_{|V(G)|}$ .
, $P_{4}\cross P_{4}$ , , $P_{5}xP_{5}$ ,
( $\cross$ , , ).
22
, ,
( 3 ) .
( [8] ).
$\blacksquare$ $A,$ $B\subseteq V$ ,
$A\cap B,$ $A-B,$ $B-A,$ $V(G)-(A\cap B)$ , $A$ $B$ .
$V$ , $V$ .. $\emptyset,$ $V\not\in\varphi$ ,. ,. $\wp$ , , .
$G$ $V(G)$ , width$( \wp)=\max s\in w|\theta(S)|$ ,
. $G$ , $V(G)$ , ,
$cw(G)$ .
23
, $d$ . $G$ $H$ , $G$ $H$ $G\cross H$
, $V(G\cross H)=V(G)\cross V(H)$ , $G\cross H$ 2 $(g, h)$ $(g’, h’)$
, :
$\bullet$ $g=g^{/}$ $\{h,$ $h^{/}\}\in E(H)$ ,
$\bullet$ , $h=h’$ $\{g,g’\}\in E(G)$ .
, .
$G$ $d$ , . $G^{d}$ :
$G^{d}=\{\begin{array}{ll}G d=1,GxG^{d-1} d\geq 2.\end{array}$
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1 $K_{8}$ 2 $H_{4,2}$
, , H . $2p$ $K_{2p}$
$\{0,1, \ldots, 2p-1\}$ . , $U=\{0,1, \ldots,p-1\},$ $W=\{p,p+1, \ldots, 2p-1\}$
. $H_{p,i}$ , $V(K_{2p})$ , $E(K_{2p})$
$i$ $U,$ $W$ . 1 , $K_{8}$ 2
$H_{4,2}$ . ,
, . , $\theta$
, .
Bezrukov Elsasser $[$ 1 $]$ , $H_{p,i}^{d}$ .
2.2 (Bezrukov Elsasser [1]). $G$ .
$\bullet$ ,. $|V(G)|=2p$ ,
$\bullet$ $2p-i-1$ .
, $d\geq 1$ $1\leq s\leq(2p)^{d}$ , .
$\theta_{H_{p,i}^{d}}(s)\leq\theta_{G^{d}}(s)$ .
, [6, 7]. Bezrukov Els\"asser[1] ,
$H_{p,i}^{d}$ , .
2.3 (Bezrukov Els 8Ser [1]). $1\leq s\leq|H_{p,i}^{d}|,$ $0\leq i\leq p/2$ ,
$H_{p,i}^{d}$ $s$ $S$ . , $\theta(s)=|\theta(S)|$ .
3
Chandran Kavitha [2] , .
3.1 (Chandran Kavitha [2]). $G$ , $1\leq X\leq|V(G)|$ . ,
.
$cw(G) \geq_{1}\max_{\leq x\leq|V(G)|x/2\leq\epsilon\leq x}$
$\min$ $\theta(s)$ .
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Chandran Kavitha , $K_{2}^{d}=P_{2}^{d}$
[2].
31 $x$ $2|V(G)|/3$ , 21 , .
32. $n$ $G$ ,
$cw(G) \geq\min_{\lceil n/3\rceil\leq\epsilon\leq\lfloor n/2\rfloor}\theta(s)$ .
, .




$cw(G^{d})\geq\{\begin{array}{ll}\lceil\frac{2}{3}p\rceil(2p)^{d-1}(\lfloor\frac{4}{a}p\rfloor-i) 0\leq i<\lfloor p/3\rfloor,p(2p)^{d-1}(p-i) |p/3\rfloor\leq i\leq\lfloor p/2\rfloor.\end{array}$
. . 22 32 , $\lceil(2p)^{d}/3\rceil\leq s\leq\lfloor(2p)^{d}/2\rfloor$
.
$\theta(s)\geq\{\begin{array}{ll}\lceil\frac{2}{3}p\rceil(2p)^{d-1}(\lfloor\frac{4}{3}p\rfloor-i) 0\leq i<\lfloor p/3\rfloor,p(2p)^{d-1}(p-i) \lfloor p/3\rfloor\leq i\leq[p/2\rfloor.\end{array}$ (1)
$\lceil(2p)^{d}/3|\leq s\leq\lfloor(2p)^{d}/2\rfloor$ , $S\subseteq V(H_{p,i}^{d})$ ,
$H_{p,i}^{d}$ $s$ . . 23 , $|\theta(S)|=\theta(s)$ . $q$ $r$ , $s$
$(2p)^{d-1}$ . , $s=q(2p)^{d-1}+r$ . ,
. $\lfloor 2p/3\rfloor\leq q\leq p$ .
$S’$ , $H_{p,i}^{d}$ $(q+1)(2p)^{d-1}$ , $R$ . $S$
$r$ , $T$ , $S’-S$ ( 2 ). , $|R|=r,$ $|T|=(2p)^{d-1}-r$
.
. .
3.4. $|E(S, V(G)-S’)|=(2p-i-1-q)|S|$ .
3.5. $|E(T, S-R)|=q|T|$ .
S.6. $|E(T,\overline{S’})|=(2p-i-1-q)|T|$ .
3.7. $|T|\leq(2p)^{darrow 1}/2$ , $|E(T, R)|\geq|T|(p-i)$ .
3.8. $|T|>(2p)^{d-1}/2$ , $|E(T, R)|\geq|T|(q-i)$ .
148
, $q$ , $q\geq\lceil 2p/3\rceil$ , $\lfloor 2p/3\rfloor\leq q<\lceil 2p/3\rceil$
. , $p\equiv 0(mod 3)$ , $\lfloor 2p/3\rfloor\leq q<\lceil 2p/3\rceil$ ,
, $q\geq\lceil 2p/3\rceil$ . , $p\not\equiv O(mod 3)$ , $\lfloor 2p/3\rfloor\leq q<\lceil 2p/3\rceil$
, $\lfloor 2p/3\rfloor$ . , .
1. $q\geq\lceil 2p/3\rceil$ ,
2. $q=\lfloor 2p/3\rfloor$ $p\not\equiv 0(mod 3)$ .
$\blacksquare$ 1 $q\geq\lceil 2p/3\rceil$ : $|\theta(S)|\geq|E(S, \overline{S’})|+|E(T, S-R)|$ , 3.4 35 ,
$|\theta(S)|\geq(2p-i-1-q)(q(2p)^{d-1}+r)+q((2p)^{d-1}-r)$
$=q(2p)^{d-1}(2p-i-q)+r(2p-i-1-2q)$ . (2)
(2) . $0$ $q$ $r$ .
39. (2) , $r(2p-i-1-2q)$ $0$ $+$ , $\lceil\frac{2}{3}p]\leq q\leq p-22-\frac{1}{2}$
, $r=0$ .
39 ,
$|\theta(S)|\geq\{\begin{array}{ll}q(2p)^{d-1}(2p-i-q) \lceil\frac{2}{3}p\rceil\leq q\leq p-\frac{i}{2}-\frac{1}{2} \text{ } r=0,q(2p)^{d-1}(2p-i-q)+r(2p-i-1-2q) p_{\vec{2}}^{i}--\frac{1}{2}<q\leq p-1 \text{ } r\neq 0.\end{array}$
, $q$ $r$ , (1) .
A. $\lceil\frac{2}{3}p|\leq q\leq p-\frac{i}{2}-\frac{1}{2}$ $r=0$,
B. $p- \frac{:}{2}-\frac{1}{2}<q\leq p-1$ $r\neq 0$ .
1-A $\lceil\frac{2}{3}p\rceil\leq q\leq p-\frac{i}{2}-\frac{1}{2}$ $r=0:f_{A}(q)=q(2p)^{d-1}(2p-i-q)$ .
$f_{A}(q)$ , , $[ \lceil\frac{2}{3}p\rceil,p]$ $f_{A}(q)$ , $f_{A}( \lceil\frac{2}{3}p\rceil)$ $f_{A}(p)$
.
, 1-A . .
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$f_{A}( \lceil\frac{2}{3}p])\geq\{\begin{array}{ll}\lceil\frac{2}{3}p\rceil(2p)^{d-1}(\lfloor\frac{4}{3}p\rfloor-i) 0\leq i<\lfloor p/3\rfloor,p(2p)^{d-1}(p-i) \lfloor p/3\rfloor\leq i\leq\lfloor p/2\rfloor,\end{array}$
$f_{A}(p)\geq\{\begin{array}{ll}\lceil\frac{2}{3}p\rceil(2p)^{d-1}(\lfloor\frac{4}{3}p\rfloor-i) 0\leq i<\lfloor p/3\rfloor,p(2p)^{d-1}(p-i) \lfloor p/3\rfloor\leq i\leq\lfloor p/2\rfloor.\end{array}$
(1-A-a)
(1-A-b)
(1-Aa) $f_{A}( \lceil\frac{2}{3}p\rceil)=\lceil\frac{2}{3}p\rceil(2p)^{d-1}(\lfloor\frac{4}{3}p\rfloor-i)$ , $\lfloor p/3\rfloor\leq i\leq|p/2\rfloor$
,
$\lceil\frac{2}{3}p](2p)^{darrow 1}(\lfloor\frac{4}{3}p\rfloor-i)\geq p(2p)^{d-1}(p-i)$ (3)






$($ 1-A-b$)$ $f_{A}(p)=p(2p)^{d-1}(p-i)$ , $0\leq i<\lfloor p/3\rfloor$ ,
$p(2p)^{d-1}(p-i) \geq\lceil\frac{2}{3}p\rceil(2p)^{d-1}(\lfloor\frac{4}{3}p\rfloor-i)$
. , (3) , $i<\lfloor$ . ,
(1-A-b) .
1-B $p- \frac{i}{2}-\frac{1}{2}<q\leq p-1$ $r\neq 0$ : , $q$ , $i\geq 2$
. $f_{B}(q)=q(2p)^{d-1}(2p-i-q)+r(2p-i-1-2q)$ . $f_{B}(q)$ ,
, $(p- \frac{i}{2}-\frac{1}{2}$ , $p-1]$ $f_{B}(q)$ , $f_{B}(p- \frac{i}{2}-\frac{1}{2})$ $f_{B}(p-1)$
. $r\leq(2p)^{d-1}/2$ $r>(2p)^{d-1}/2$ , $f_{B}(p-1)$
. , 1-B , .




$\geq p(2p)^{d-1}(p-i)$ $(\cdot.\cdot r<(2p)^{d-1})$ .
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, , $0\leq i<\lfloor p/3\rfloor$ ,
$p(2p)^{d-1}(p-i) \geq r_{\vec{3}^{p}}^{2}](2p)^{d-1}(\lfloor\frac{4}{3}p\rfloor-i)$
. , [ (1-A-b) , (1-B)
.
$\blacksquare$ 2 $q=\lfloor 2p/3\rfloor$ $P\not\equiv 0(mod 3):_{P}$ 3 , $q=\lfloor 2p/3\rfloor=$
$\lceil 2p/3\rceil-1$ . , $|S’|=\lceil 2p/3\rceil(2p)^{d-1}$ , 1 ,
.




$|\theta(S’)|=|\theta(S)|-|E(T, R)|-|E(T, S-R)|+|E(T, \overline{S’})|$ .
35 36 ,
$|\theta(S’)|=|\theta(S)|-|E(T_{f}R)|+|T|(2p-i-1-2q)$
. , $|T|$ , .
A. $|T|\leq(2p)^{d-1}/2$ ,
B. $|T|>(2p)^{d-1}/2$ .
2-A $|T|\leq(2p)^{d-1}/2$ : 37 ,
$|\theta(S’)|\leq|\theta(S)|+|T|(p-1-2q)\leq|\theta(S)|$ .
2-B $|T|>(2p)^{d-1}/2:p\equiv 1(mod 3)$ , $\underline{2}_{R,3}=L_{3}^{B}2\rfloor+\frac{2}{3}$ , $|R|\geq$
$\frac{2}{3}(2p)^{d-1}$ . , $|T|=(2p)^{d-1}-|R|<(2p)^{d-1}/2$ , $A|$ .







, $p\geq 3,0\leq i\leq p/2,$ $d\geq 2$ , $G$ ,. ,. $|V(G)|=2p$ ,. $2p-i-1$
, $G^{d}$ :
$cw(G^{d})\geq\{\begin{array}{ll}\lceil\frac{2}{3}p\rceil(2p)^{d-1}(\lfloor\frac{4}{3}p\rfloor-i) 0\leq i<\lfloor p/3\rfloor,p(2p)^{d-1}(p-i) \lfloor p/3\rfloor\leq i\leq\lfloor p/2\rfloor.\end{array}$
, . $H_{p,i}$ $F_{p,i}$ ,
$F_{p,i}^{d}$ ,
$cw(F_{p,i}^{d})\leq\{\begin{array}{ll}\lceil\frac{2}{3}p\rceil(2p)^{d-1}(\lfloor\frac{4}{3}p\rfloor-i) 0\leq i<\lfloor p/3\rfloor,p(2p)^{d-1}(p-i) [p/3\rfloor\leq i\leq\lfloor p/2\rfloor.\end{array}$
. , , .
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